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ABSTRACT

Visualizing second-ordeBD tensorfields continueto be a chal-
lengingtask. Althoughthereare several algorithmsthathave been
presentedno singlealgorithmby itself is sufficient for theanalysis
becauseof the complex natureof tensorfields. In this paper we

presentwo new methods pasedon volume deformation,to shov

the effectsof thetensorfield uponits underlyingmedia. We focus
onproviding acontinuougepresentatioof the natureof thetensor
fields. Eachof thesevisualizationalgorithmsis goodat displaying
someparticularpropertiesf thetensorfield.

Key Words and Phrases: stressstrain, sheay symmetricten-
sors,anti-symmetridensorsanisotropidensors.

1 INTRODUCTION

Theanalysiof tensordatawith variousordersis importantin mary
medical and physical applications. For example, tensorscan be
foundin medicalimaging(e.g. diffusiontensorimages[9]), fluid
flow (e.g.velocitygradien{4]), stressimulationandtectonics Al-
thoughscientistsoften have to dealwith tensordatasets,the tools
availablefor visualizingthemare quite limited. In this paper we
restrictour discussiorio secondrder3D tensorfields. Visualizing
suchtensorfieldsis difficult becauseeachtensorin the field con-
tains nine uniquequantities. To incorporateso muchinformation
in a singlerepresentatiors a challengingtask. Currentmethods
eithershav detailedinformationaboutthetensorfield but only ata
few local, discretepointsusingglyphs,or show partialinformation
aboutthetensorfield but over a global,continuousdomain.

In this paperwe presentwo new techniquedasedn deforma-
tion of the tensorvolume. Deformationis anintuitive way to rep-
resentatensor We canobsenre the tensile,compressie andshear
effectsof atensorvaluethroughthe transformatiorof the volume.
The conceptualdeaof this algorithmis to considerthetensorfield
asaforcefield thatdeformsanobject. Thelocal deformatiorof the
objectrepresentthetensorvalueatthatpointin thetensorfield.

Both of the two techniquesare designedo visualizesomepar
ticular propertiesof the tensorfield. First, the normal vector de-
formation algorithmis goodat shaving the directionalinformation
of thetensorfield. Secondthe anisotropic deformation is capable
of illustrating the compressingndshearingoropertyof the tensor
field.

Therestof this paperis organizedasfollows: Section2 reviews
someprevious tensorvisualizationtechniques;Section3 reviews
sometensordecompositiormethodsto aid with the visualization
task; Section4 presentsthe two new volume deformationtech-
nigue; Section5 discussesomeimplementatiorissues;Section6

illustratesthe methodsand analyzesthe results; Section7 draws
conclusionsfor the two volume deformationtechniquesand pro-
posedutureworksfor tensorvisualization.

2 PREVIOUS WORK

Thereare a few methodsfor visualizing tensorssuchas pseudo-
coloring, tensorglyphs[2, 7, 8], hyperstreamline$3], and defor
mation[1, 10,12].

Pseudo-colorings the simplestbut alsoleasteffective method.
For a tensorfield with 9 independentomponentsa planarslice
is madethroughthe tensorvolume and eachof the 9 components
on that slice are pseudo-colored.The tensorinformation for that
sliceis thenpresentedisa 3 by 3 collage. The main dravbackof
this techniques that usershave to mentallyintegratethe physical
interactionof the 9 tensorcomponents.A more popularmethod
involvesthe useof glyphs. The simplestoneis the tensorellip-
soid. Here, the tensoris decomposeéhto threeorthogonaleigen-
vectorswith their correspondingigervaluesindicatingthe magni-
tudealongeacheigervector An ellipsoidis thenconstructedbri-
entedaccordingto the 3 eigervectorsand scaledaccordingto the
3 eigervalues. This worksfor symmetrictensorfields. More com-
plex glyphsareconstructedo shav additionalfeaturesn thetensor
fieldsusingflow probeq?2]. Thegeneratravbackof glyphsis their
discretenature.They donotcapturetheglobalor continuousature
of tensofrfields. And they alsorequirejudiciousplacemento avoid
clutter

Anotherwell known tensorvisualizationapproachs with hyper
streamline®r tensoffield lines[3]. For symmetrictensoffields,the
3eigervectorsateachpointaresortedby theireigervaluesandclas-
sifiedasthemajor, medium,andminor eigervectors.Hyperstream-
linesarethengeneratedby integratingalongoneof theseeigervec-
tor fields, andletting the two othereigervectorfieldsto modify the
shapeof an ellipsethatis sweptalongthe principal hyperstream-
line. For non-symmetridensorfields, wherethe 3 eigervectorsare
not necessarilyrthogonalo eachother thetensorfield is first de-
composednto asymmetricandanaxialcomponentRibbonsalong
thehyperstreamlinarethenaddedo shaw therotationaleffectsof
the axial componentBecauseneof the eigervectorfieldsis used
for integratingthe hyperstreamlinetherearetwo otherpossiblehy-
perstreamlineshatcanbe generatedrom eachseedocation. The
understanding@f thetensorfield is thereforenot completewithout
thesetwo. Thedravbackof this approachthenis thatusershave to
integratethe 3 differentviews.

An alternatve approachis to usedeformation. Simple objects
suchas polygons[12] or cubes[10] are adwectedby a flow field.
The deformationn the objectsshav the local stretch,sheayrand
rigid bodyrotationat a point. This is generalizedn [1] to include
idealizedobjectssuchaslines, planessub-wlumes.It allows users
to interactvely modify aninterrogation vectorto seehow theten-
sorfield would deformthe object. While the usercannow seethe
continuityoverthefield, themaindravbackof this approachs that
userscanonly seetheinformationin onedirectionat atime. Our



goal thenin this paperis to maintainthe spatialcontinuity of the
presentationwhile at the sametime provide a netdeformationef-
fect.

3 TENSOR DECOMPOSITION

A generalstratgy with tensorfield visualizationis to decompose
the field into meaningfulcomponents.Visualizationis then per
formedbasednthecomponentsWe review somebasicdefinitions
andtwo of thecommondecompositiormethods.

A tensorfield is a field that containsa tensorat eachpoint. We
assumehatthedataresidesn astructuredyrid andalsoassumehat
it is basicallycontinuous.In a generaltensor eachcomponenof
thetensoris a uniquequantityandit canberepresentedsfollows:
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Velocity Gradient

In mary applicationsthe tensorfield is generatedrom the gra-
dient of a vectorfield V' or the second-ordegradientof a scalar
field s. In the latter case,the tensorvalueis symmetric[6]. The
tensoffieldsarerepresenteth thefollowing way:
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In the velocity gradienttensor the local velocity canbe expressed
as:
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or

V=W+VV.-r=W+T:ér (5)

GivenatensorT andaresolutevectorW [1], W will betrans-
formedinto anothewectorU:

U=1T-W (6)

Soatensorcanbe consideredasa lineartransformatiorfrom a
vectorto anothevector

Rate of Strain

In fluid flow analysis,the rate of straintensoris an important
feature. It includesinformation for the local deformationof the
fluid elementsat ary instant. For a small volume of fluid in the
field, the rate of straintensoris definedasits rate of changeof
shape We cancomputethis rateof straintensorasfollows [11]:
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Obviously, therateof straintensoris symmetric.And if thefluid
is incompressiblethis tensorfield hasthefollowing property[11]:

tr(C)=V-V =0 ©)

whereC is therateof straintensorsandthefunctiontr() is thesum
of all diagonalcomponents.

Symmetric and Anti-Symmetric Decomposition
A commondecompositiormethodis to divide thetensorinto a
symmetricS andananti-symmetricA componenf{6].

9)

T! isthetransposef T. Thesymmetricensorepresentthestress
andstraineffectsandhas6 independentomponentsyhile theanti-

symmetrictensorhas3 independentomponentsindrepresentto-

calrigid bodyrotation.

Polar Decomposition

In this technique,a generaltensoris decomposednto a sym-
metricandanorthonormarotationcomponen{6]. Thesymmetric
tensordJ andV representhe compressie effect of thetensor;the
orthonormalone shavs the amountof rotationin the tensortrans-
formation.

A symmetrictensor has three orthogonaleigervectors. This
meansthat as a transformationrule, a symmetric tensor only
changedhe eigervalueson the axesin its local orthogonalcoor
dinate. The directioninformationis not lost after the transforma-
tion on thesethreeaxes. In contrasta rotationtensorhasonly one
eigervectorandthe lengthof the vectorsare never changedn all
directionsafterthetransformation.

We canobtainR, U andV asfollows [6]:

T=R-U=V-R (10)
U=vTt-T (11)
V=vVT-Tt (12)

4 APPROACH

We presentwo techniquesvhosefocusis on providing a continu-
ousandcompleterepresentationf the tensorfield over the entire
dataspace Volumedeformations usedto visualizethetensorfield
by letting it deform the spacethat containsit. The deformation
is carriedout accordingto a setof transformatiorrulesthat rep-
resentsomepropertiesof thetensorfield. The resultingshapeand



structureof thedeformedspaceincludingsubtledetails revealsthe
natureof thetensorfield.

Themaindifferencebetweerthetwo methodspresentedhereis
thedefinition of thetransformatiorrules. Both of themcapturethe
main featuresof the tensorfield. In both caseswe assumethat
the tensorfield is sufficiently smoothso that thereare no sudden
changesn neighboringtensors andtensorsvary linearly between
neighboringtensors We alsoassumehatthe tensordataresidesn
astructuredyrid suchasarectilinearor curvilineargrid.

4.1 Normal Vector Deformation

BoringandPang[1] describecamethodwhereanidealobject,such
asaplane,is placedin thetensorfield anddeformed.Theresolute
vectorto generatehe deformingforcesis specifiedby the useras
aninterrogationvector Thisvectoris homogeneouthroughouthe
tensorfield, andhenceonly tensorinformationin onedirectionis
includedin the visualization. In addition,only a small numberof
planescan be includedin one pictureto avoid visual clutter So
theuserneededo interactively move thelocationof the plane,and
changethe interrogation vector to seethe propertiesof different
partsin thetensorfield.

We improve uponthis methodin two ways. First, theinterrocga-
tion may be differentin differentpartsof thetensorfield, andmay
changeover time asthe spaceis deformed. Secondly the entire
volumeis deformed,and canbe viewed usingwireframe,layered
planespr volumerendered.

We proceedby usingthe samenotion thata tensorfield canbe
consideredhs a specialforce field with differentpropertiesin all
directions.We canexploreits featuresby looking at its impacton
the spacethat containsit. In this method,we multiply the tensors
andthe normalvectorsof the objectto get the deformingforces.
The objectis thentwisted or stretchedby theseforces. While we
usethe normalvectorsin this paperthey canbereplacedoy auser
specifiedvector

To obtainthe normalvectors we traversethroughthetensorol-
umealongoneof the 3 axesin computationakpace. Thatis, we
are processinghe volume onelayer or sheetat a time. The nor
mal vectorsare then, initially, the normalsto the currentlayerin
physical space.As the layeris deformed the normalswill be up-
datedaccordingo thenew surfaceorientation.Thereforegenerally
speakingthe normalvectorsaredifferenteverywherein thetensor
field andrepresenthetensorinformationin all directions.

With only this adaptationthe simulationis unstable,because
thetensorscould be heterogeneouis a smallarea. This produces
artifactson the deformedobjectbecausehangingnormalvectors
may fluctuatewildly. To solve this problemandto getareasonable
distribution of normal vectors,we use a physics-basednodel to
constrainthe movementof the object. Eachlayer is treatedasa
rubbersheetwhich is simulatedby a lattice of springsconnecting
the nodes.Usingthis approachthe deformationproceedsauntil the
springsystenreachegquilibrium. An addedbenefitis thatwe can
vary thespringconstantso exaggerater de-emphasizéheamount
of deformationwhile keepingthe deformationgproportionalto the
tensors.In Figure 1, we see3 framesof a volume undera single
pointload undegoingdeformationafter differentiterations.

Anotherchangein this methodis that we canadda numberof
thedeformedslicesin the visualizationto displaythe propertiesof
differentpartsof thetensorfield. If we simply putthesedeformed
planesogethertherewill betoo muchvisualclutteranduserscan-
not seearything throughit. So, we add very weak spring links
betweereachlayer Thesespringsmale the deformationrelatively
regularthroughthelayers,sothevisualizationis muchcleanerand
malkes more visual sense. And becausewne can put an arbitrary
numberof slicesin the visualizationwithout causingtoo muchvi-

sualdisordersye canexhibit tensorinformationeverywherein the
thetensorvolumein onepicture.

In this deformationtechnique,we define N (z) asthe normal
vector of the currentlayer at locationz. Thenwe definethe de-
formingforce F, (x) atthatlocationas:

Fe(x) =T(z)  N(x)

F.(z) is thetransformechormalvectorin the tensorfields. We
treatit asanexternalforce,dueto thetensoractingatthatpointin
space Eachpointin thetensorfield hasa correspondindorce act-
ing onit, andwe deformthe objectbasedon the collection. Since
thelayeris representedsaspringlattice, theseexternalforceswill
disruptthe balanceof forcesin the system.To restorethis balance,
the systemwill have to displace,compressandstretch,the points
arounduntil the internaland external forcesreacha new equilib-
rium state. The new deformedayerrepresentshe statewherethe
forcesare at a minimum. This is consistenwith our experience
with real objectsand hencethe userscaneasilyidentify the force
field basedn theresultingdeformations.

We usenumericalintegrationto carry out the deformationpro-
cess.In eachiteration,we calculatea combinedforce F.(x) asa
functionof theinternalforcesF; (=) andexternalforcesF. (z). We
definethe deformedlayer as the function D(x), andthe internal
forcesF;(z) is thendefinedasfollows:

Fi(z) = — 9D (}’%—?AIH - 1) Az

Oz [|Az]|

In eachiteration, the combinedforce F.(z) is appliedto the
objectto computethe actualdeformation,andto obtainthe new
position Px1(z) of the deformedlayer Whenthe valuesin the
combinedforce fieldsarezeroat all points,the objecthasreached
equilibriumandtheintegrationterminates.Theresultingdeforma-
tion is the equilibrium statewherethe active forcesare minimal
throughout.

F.(z) = Fe(z) + Fi(z) =T - N + Fi(z)

Pyi1(z) = Pr(z) + Fe(zx) - TimeStep

whereT'imeStep is theintegrationtime step. In our experiments,
it mustbe lessthat0.1 to be stable.For betterresults,it shouldbe
choseratbetweer0.005and0.05. We setit as0.01for mostof the
simulations.Eachnodein thelatticeis connectedo its immediate
neighborrequiring 26 springsfor each3D point. The restlength
of a springis the distancebetweenthe initial positionsof the two

nodesstraddlingit. Exceptfor thefour cornerpointsof eachlayer,

all lattice nodesarefreeto move around.

Themaindrawbackof this algorithmis thatusershave to specify
oneof 3 directionsto traversethe volume. It providesa visualiza-
tion of theentiretensorfield domain but suffersthesamedravback
ashyperstreamlinefn thatuserswill needto mentallyintegrate3
differentviews. Ideally, we wanttheinterrogationvectorto begen-
eratedautomatically be datadependenandrepresenthe maximal
impactof the tensorat that point. A possiblecandidateis to use
the averageof the 3 eigervectorsasthe interrogation vector, but it
is not clearhow this averagevectorcanbe updatedn subsequent
iterations.We continueto investigatethis alternatve. In themean-
time, we alsohave anothermethod,presentedn the next section,
thataddressethe problemof having to dependon aninterrogation
vector



4.2 Anisotropic Deformation

Thisis anotherdeformatiorbasedhlgorithmthataddressethelim-
itation in the previous algorithm,andis goodat shawing the com-
pressiorandshearingpropertieof the entiretensorfields.

We considertensorsasa transformingforce suchthatif onehas
atensorfield whereT is the sameat every location,thena spher
ical ball placedin sucha mediumwould be deformedinto an el-
lipsoid with the appropriateorientationand scaling. Likewise, in
2D, atensorwill transforma squareinto a parallelogram.Simply
placingtheseparallelogramén 2D or ellipsoidsin 3D will produce
too muchclutter The conceptualdeaof the Anisotropic Deforma-
tion algorithmis to assembléhesedeformedshapesindvolumes
in anaturalway. Eachdeformedshapea deformedhexahedronn
3D, representshe local tensorinformation. The featurepresented
by this algorithmis the anisotroy and magnitudeof the tensors,
which areintuitively encodedy the deformation. This algorithm
is a naturalrealizationto theideaof the straintensorspecausé¢he
tensordataaresupposedo estimatethelocal deformation We call
this algorithm Anisotropic Deformation becausedensorvaluesare
differentin eachdirection.

When assemblinghe deformedhexahedralvolumes,we need
to rotateand move them, and even changetheir shapea little so
that adjacentvolumescan be put together Whenappliedto each
elementin the tensorvolume, the entire volumeis deformedand
eachsub-wlumerepresentshe local tensorinformation. So both
globally andlocally consistentieformationsareobtained.

To carry out this type of deformation,we proceedas follows.
Assumetherearetwo neighboringpointsz andz;, andavectorv
formedby thedifferencebetweerthese2 points. Then,thedistance
betweenthese2 points after deformationis equalto the product
of the tensorandvectorv. Specifically if we let the deformation
functionbedenotedy D(x) to indicatethepositionof pointx after
deformationthenwe wantto find D(z) suchthat:

[D(x0) — D(z1)[| = IT'(20) - (w0 — x1)]| 13)

If this equationholdsfor arny neighboringpointszo andz1, thenit
follows that:

op
or

T=x(q

= R(z0) - T'(z0) (14)

whereR(X) is arotationtensorfield. Thisis becauséf all v satisfy

this condition,then %—’;’ -1~ shouldbe arotationtensor Because
a tensorcan be decomposednto a symmetrictensorand a rota-

tion tensor asprovided by polar decompositionthe visualization
of D(x) is equvalentto thatof the original symmetricreal tensor
field T'(x).

However, one canprove thatfor a generaltensorfield, thereis
no transformatiorfunction D(z) satisfyingthis critical condition.
In otherwords, thereis too muchinformationto be crammednto
a singledeformedobject. Sowe employ the physics-basedanodel
agnin to resole the conflictsandtry to find a deformationD(x)
thatis closesto the critical conditiondefinedby Equation14.

In thismethod partof thetensorinformationwill belost, but the
surviving featureswill be the dominantones,which areimportant
for understandinghe datasets.

Again, we establisha springmodelfor the object. Eachnodeis
connectedo its neighborsn 3D asin the previous method. How-
ever, becausehis methoddoesnot requirea resolutevector and
hencedoesnotrequireusto procesghevolumein layers,we donot
needto have wealer spring constantdbetweenayers. Insteadthe
springconstantsn this modelarehomogeneousThedefaultlength
of eachspringis the original distancebetweemeighboringnodes.

Therefore beforedeformation all springsareat a rest. Whenthe
deformationstarts,the tensorfield “consumes’the springsforces
by changingtheir restlengths.

In orderto make the deformationapproachspecifiedby Equa-
tion 13 work, the restlength of the spring betweenz, and z; is
recalculatec@ndexpressedis L(zo, z1) below:

L(zo,z1) = A||T'(z0) - (zo — z1)[| + (1 = A) lwo — z1]| (15)

where ) is a userspecifiedparametethat controlsthe amountof
deformationincorporatedn the object. Its valueshouldbe in the
[0, 1] range. In real simulations,it shouldbe setbetween0.1 and
0.9.1f it is too small,no deformationcanbe detectedy users.If it
istoolarge,i.e. 1, thenthelengthof somespringsmay degenerate
to 0 becausef somesingulartensors Physics-basedulesareused
to simulatethe deformationprocesf the object. At equilibrium,
the length betweenthe pointsis an approximatemeasuremento
L(zo, z1). Theinternalforcefieldsarecomputedn thefollowing
way:

F(IO):ZK-(CM—IO)'<%_1)

whereK is the springconstantandthereis no externalforcefield.

So F(x) is usedto computethe new positionsof all pointsi.e. the
transformationof the objectin eachiteration. This deformation
processstopswhenit comesinto equilibrium,wherethe magnitude
of F'(x) is below athresholdeverywhere.

This algorithm shavs the compressie and shearingproperties
of the tensordata. Although it is an approximationof the ideal
situation,the importantand dominantfeaturesdo survive and are
presentedn the deformedobject. An error detectionfactore(zo)
is definedto keeptrack of theaccurag.

This errordetectionfactoris anaccurag measuremerdf thelocal
transformatiorof the tensorvalueat thatpoint. Its maximumover
the entirespacegivesa lower boundof the accurag of the visual-
ization. We find thatfor mostsimulationsthis errorfactoris belov

10%. Thismeanghealgorithmswork quiteeffectively. However, it

is still possiblethatasmooth-lookingleformatioris avisualization
of a not-so-smoothensorfield smoothedy the springmodel. In

thatcasetheerrorratewill bevery high. This senesasareminder
for usersthatmary subtledetailsmaybelost. They canthenspec-
ify asmallervolumeto conducthedeformatiorandto take acloser
look atthetensoffield.

‘ | P(xo0) — P(z1)|| — L(zo,21)
L(.To,l‘l)

5 [IMPLEMENTATION ISSUES

In the previous section,we proposedwo algorithmsto visualize
thetensorfields. In theimplementationwe needto addressome
issuesn orderto geta goodresultanda high processingpeed.

Numerical Stability

Thework horsemethodfor numericaintegrationis the4th order
Runge-Kittamethod. We usea modifiedversionasfollows. Sup-
poseP(x,t) is the positionof pointz attime ¢, F'(x, P(t)) is the
force of pointz . Theforce function F' takesthe position P asa
parameteto computetheforcefield. Theequationis asfollows:



OP(x,t)
ot

This meanghe adjustmenbf the positionsis equalto the force

field atthe sametime step.Thenthe problemis adjustedsothatwe

canusefourth-orderRunge-Kittamethodto do theintegration.We

needto keepin mind thatthis is not exactly the original problem.

Theoriginal problemonly needgherestingstateof thespringmod-

elsandit doesnot requirethe accuratdéntermediatestages.Sowe

canchangethe definition of F' to speedup the processingaslong
asF hasthesamerestingstates.

— F(x, P(1)) (16)

Adaptive Time Step

A wisely chosertime stepis importantfor the springmodelsin
the integrationprocess.If it is too small, the integrationwill take
moreiterationsto finish, makingthe programslow. On the other
hand,if it is too big, we may never reacha stablesolution of the
restingstates. So we emplgy an adaptve time stepalgorithmin
theintegrationprocesgo getareasonabléme stepfor eachround.
Thetime stepis determinecdasfollows:

. (maxg, ||z — wol|
T =~ -min (0—
@ 1 ()l
where~ is a userspecifiedparameteto control the time step. In
our implementationit is setto 0.1. This algorithmensureghatno
singlemovementin aniterationcandestry the connectionstruc-
ture by constraininghe maximumamountof deformation.

6 RESULTS

Data sets

Wetestouralgorithmson threedatasets:singlepointload,delta
wing, and cylinder with hemisphericatap datasets. The single
pointloaddatais astandardensordataset. It is simple,well known
andthoroughlystudied soit canverify thecorrectnesandtheuse-
fulnessof a new algorithm. Both the deltawing andthe cylinder
with hemisphericatapdatasetsarevectordata. The velocity gra-
dientsin deltawing datasetandtherateof straintensorsn cylinder
with hemisphericatapdatasetareextractedasthetensordatasets.

The delta wing data contains information about “flow past
a simplified geometry representinga delta wing aircraft, at a
moderately high angle of attack” [5] and is available from
www.nas.nasa.gov/Research/Datasets/datasets.html.  The
cylinder with hemisphericakap data containsinformation about
flow pastthatcylinderatanangle.

In this section,we demonstrate¢he two deformationalgorithms
usingthesedatasetsandmale obsenationsaboutthetensorfields.

Single point load

Becausehis datasetis a simpletensordatasetandit is often
usedfor thevalidationtests we conductexperimentsof bothmeth-
odsonit andpresentheresults.

Figure 1 shows the resultsof the normal vector deformation al-
gorithm. Theimagesin the sequencaretaken at differentintegra-
tion timesto show the dynamicdeformationprocess.The coloris
mappednto the magnitudeof forcesexertedon the objectby the
tensors Redmeanshigh magnitudewhile blue meandow magni-
tudes.We seethatthe centralpartof the layersarepushedout and
while the layerstry to stay smoothto minimize the stressapplied
onit.

The primary sweepingaxisin thisfigureis in the sameasdirec-
tion of thepointload. It is obviousthatthetensordn the middle of

thefield have larger valuesthanthe tensorson the sidesalongthe
pointloaddirection.

The maximalerror detectionfactorfor this methodin the final
stageis 0.0311. This meansthat the distancebetweenthe trans-
formed pointsis within the +3.11% rangeof the tensorvaluein
thatdirectionat thepoint.

Figure 2 illustratesthe tensorfield using anisotropicdeforma-
tion. Eachof theimagesis renderedandcoloredin differentways
to display variouspropertiesof the tensorfield. We can seethat
all of their centralpartsarepushedout. This meanghatthetensor
valuesarelarge in thesedirections. Figure2(a) is renderedusing
opaquesuriacesandcolor codedby theremainingiensomagnitude
at eachpoint. We notethatthereis still roomfor someadditional
deformationbecausef the greenregions. Figure2(b) is rendered
using transparentolumesand color codedwith the initial tensor
magnitude. It clearly shawvs the distribution of the deformation.
We useafrontal view in Figure2(c) to shav thatthe perimeterare
slightly pushedbut aspartof the deformation.Figure2(d) is taken
from the backsideof the cubewherethe pointloadis actuallyap-
plied. Both the cubestructureandthe color distribution displaythe
spread-oupropertiesof the tensorfield. In this visualization,we
obsene that the centraltensorshave larger valuesalongthe main
directionandit is largerthanthoseof the othertwo directionstoo.

Both figuresshov someparticularpropertiesof the point load
dataset. Normal vector deformation shaws usthe tensorinforma-
tion with emphasisn one primary direction. Anisotropic defor-
mation is goodat exhibiting enlaging, compressingandshearing
propertiesn all directionsof thetensoffield.

DeltaWing

We apply the normal vector decomposition on the velocity gra-
dienttensorfield derived from this datasetanddisplaythe results
in Figure 3. Figure3(a)is taken from the front of the deltawing
and coloredwith tensormagnitude. From the twisted contourof
thevolume,we seethereis a high shearegionin thetop partof the
volume. Figure3(b)is basicallythe samepicturebut renderedvith
opaquesurfaces. The shadinggives usersbettercluesaboutthe
subtlestructureof the deformedspacearoundthe deltawing. Fig-
ure3(c) andFigure3(d) arebothcoloredwith tensorforces.Oneis
takenfrom thefront andthe otheris from the back. Fromtheseim-
ages,we seehow the major compressie directionandanisotroy
changeslongthe profile.

The maximalerror rateis 7.61%. In placeswherewith a high
error rate in the deformation,the anisotroy information is bet-
ter presered than the magnitude. This meansthat althoughthe
springis stretchedor compresse@nd cannotwell representheir
restlength,the scaleof changes approximatelythe samein all di-
rections. This propertyis especiallyusefulin applicationswhere
anisotropy is veryimportant.

Cylinder With Hemispherical Cap

We usethe anisotropic deformation on the rate of straintensor
field derived from this datasetand the resultsare shavn in Fig-
ure 4. Imagesfrom differentperspecties and differentrendering
techniquesregroupediogetherto shav the propertiesof different
partsof thetensoffield.

Figure4(a)is animagefrom thebackof the cylinder with hemi-
sphericakap.We canclearly seethatthetensorvaluesin theinner
layersaremuchlargerthanthoseof theouterlayers.Thespacingof
thelayersatdifferentpointsalongthecylinderalsoconvey informa-
tion aboutthetensowalues.Figure4(b)is takenfrom theright side
of thetensoffield andis renderedn wire framemode.Thebulgeon
the openmouthof the renderedrolume shawvs a high compressie
and stretchingtensortransformationn that area. That meansthe
major eigervectors,which is the main stretchingdirection, memge
in thatspot. This canalsobe obsened by the hyperstreamlinese-
sult presentedy Hesselink[3]. Also from the wireframe,we can
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Figurel: Normalvectordeformationon the singlepointloaddatacoloredwith tensorforces.

© (d)

Figure2: Anisotropicdeformationon the singlepointloaddata.(a) is renderedwvith opagquesurfacesandcoloredwith the remainingtensor
magnitude|b) is renderedvith transparentolumesandcoloredwith tensorforces;(c) and(d) is renderedvith wireframesandcoloredwith
tensorforces.
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Figure3: Normalvectordeformationon thedeltawing data.(a) is renderedn wireframeandcoloredwith tensormagnitudeb) is rendered

with opaguesurfacesandcoloredwith tensommagnitudec) and(d) is renderedvith opaquesurfacesandcoloredwith tensorforces.

©) (d)

Figure4: Anisotropicdeformationon the cylinder with hemisphericataprate of straintensors.(a) is renderedvith opaquesurfaces;(b)

is renderedn wireframe;(c) is renderedwith transparentvolumes;(d) is renderedvith opaquesurfaces.All of themarecoloredwith the
magnitudeof tensorforces.



identify the ratio of distancesof one point to its differentneigh-
bors,which areimportantindicatorsof the anisotropy of thetensor
valuein alocal area.Figure4(c) is taken from the left sideandis

renderedn transparentolumes.We clearly seethe distribution of

tensorforce magnitudesn this figure. The red parton the bulge
shavs high compressie forcesover thatarea.Figure4(d) is taken
from the bottomof the tensorfield andrenderedwith opaquesur

faces.In thisimage,the outershapeof thetransformedensorfield

is shovn. We canseethatthe front partof the objectis muchbig-

gerthanits rearpart, which meansthe tensorvaluesare larger in

thefront. Themaximalerrorrateis 6.35%.

7 CONCLUSIONS

Two new deformatiorbasedechniquesreintroducedn this paper
Eachof themis animprovementover existingmethods Thenormal
vectordeformationmethodallows the interrogation vectorto vary
over spaceand time, and also allow the entire volumeto be de-
formed. It currentlysuffersthe samdimitation ashyperstreamlines
in that the resultingdeformationis differentwhen differentlayer
orientationare usedto sweepthe volume. We carecontinuingour
investication at datadependeninterrogation vectorto addresghis
limitation. Theanisotropicdeformationrdoesnotrequireaninterro-
gationvectornor atensordecompositionlt deformsthevolumeby
adjustinglengthsconnectinga nodeto its neighboringnodessub-
ject to minimizing the resultantdisplacemenforce. This force is
obtainedby multiplying thelocal tensorwith thedisplacemenvec-
tor. However, we note that a generaltensorcan be decomposed
into asymmetricanda rotationalcomponentisingpolardecompo-
sition. And sincetherigid rotationdoesnot affect the lengths,the
procedurds essentiallyonly visualizingthe symmetricportion of
thetensor In addition, this methoddoesnot provide an exact so-
lution but ratheran approximation.We are continuingto improve
the accurag of this approach.Aside from thesetwo approaches,
we are alsolooking at other methodsfor visualizing tensorfields
usingthe sameideaof letting the tensorfield manifestitself in the
spacet residesn aswell astheinteractionof matterandenegy go-
ing throughit. Finally, we are continuingto obtainfeedbackirom
userson the effectivenessaindwaysof improving thesetechniques.
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