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ABSTRACT

Visualizing second-order3D tensorfields continueto be a chal-
lengingtask.Althoughthereareseveralalgorithmsthathave been
presented,nosinglealgorithmby itself is sufficient for theanalysis
becauseof the complex natureof tensorfields. In this paper, we
presenttwo new methods,basedon volumedeformation,to show
theeffectsof thetensorfield uponits underlyingmedia.We focus
onproviding acontinuousrepresentationof thenatureof thetensor
fields. Eachof thesevisualizationalgorithmsis goodat displaying
someparticularpropertiesof thetensorfield.

Key Words and Phrases: stress,strain,shear, symmetricten-
sors,anti-symmetrictensors,anisotropictensors.

1 INTRODUCTION

Theanalysisof tensordatawith variousordersis importantin many
medicaland physical applications. For example, tensorscan be
found in medicalimaging(e.g. diffusion tensorimages[9]), fluid
flow (e.g.velocitygradient[4]), stresssimulationandtectonics.Al-
thoughscientistsoftenhave to dealwith tensordatasets,the tools
availablefor visualizingthemarequite limited. In this paper, we
restrictourdiscussionto secondorder3D tensorfields.Visualizing
suchtensorfields is difficult becauseeachtensorin the field con-
tainsnine uniquequantities.To incorporateso muchinformation
in a single representationis a challengingtask. Currentmethods
eithershow detailedinformationaboutthetensorfield but only ata
few local,discretepointsusingglyphs,or show partial information
aboutthetensorfield but overaglobal,continuousdomain.

In this paper, we presenttwo new techniquesbasedon deforma-
tion of the tensorvolume. Deformationis an intuitive way to rep-
resenta tensor. We canobserve thetensile,compressive andshear
effectsof a tensorvaluethroughthetransformationof thevolume.
Theconceptualideaof this algorithmis to considerthetensorfield
asaforcefield thatdeformsanobject.Thelocaldeformationof the
objectrepresentsthetensorvalueat thatpoint in thetensorfield.

Both of the two techniquesaredesignedto visualizesomepar-
ticular propertiesof the tensorfield. First, the normal vector de-
formation algorithmis goodatshowing thedirectionalinformation
of the tensorfield. Second,theanisotropic deformation is capable
of illustrating thecompressingandshearingpropertyof the tensor
field.

Therestof this paperis organizedasfollows: Section2 reviews
someprevious tensorvisualizationtechniques;Section3 reviews
sometensordecompositionmethodsto aid with the visualization
task; Section4 presentsthe two new volume deformationtech-
nique;Section5 discussessomeimplementationissues;Section6

illustratesthe methodsand analyzesthe results;Section7 draws
conclusionsfor the two volume deformationtechniquesand pro-
posesfutureworksfor tensorvisualization.

2 PREVIOUS WORK

Thereare a few methodsfor visualizing tensorssuchas pseudo-
coloring, tensorglyphs[2, 7, 8], hyperstreamlines[3], anddefor-
mation[1, 10,12].

Pseudo-coloringis the simplestbut alsoleasteffective method.
For a tensorfield with 9 independentcomponents,a planarslice
is madethroughthe tensorvolumeandeachof the 9 components
on that slice arepseudo-colored.The tensorinformation for that
slice is thenpresentedasa 3 by 3 collage. Themaindrawbackof
this techniqueis thatusershave to mentallyintegratethephysical
interactionof the 9 tensorcomponents.A more popularmethod
involves the useof glyphs. The simplestone is the tensorellip-
soid. Here,the tensoris decomposedinto threeorthogonaleigen-
vectors,with theircorrespondingeigenvaluesindicatingthemagni-
tudealongeacheigenvector. An ellipsoid is thenconstructedori-
entedaccordingto the 3 eigenvectorsandscaledaccordingto the
3 eigenvalues.This worksfor symmetrictensorfields. More com-
plex glyphsareconstructedto show additionalfeaturesin thetensor
fieldsusingflow probes[2]. Thegeneraldrawbackof glyphsis their
discretenature.They donotcapturetheglobalor continuousnature
of tensorfields.And they alsorequirejudiciousplacementto avoid
clutter.

Anotherwell known tensorvisualizationapproachis with hyper-
streamlinesor tensorfield lines[3]. For symmetrictensorfields,the
3 eigenvectorsateachpointaresortedby theireigenvaluesandclas-
sifiedasthemajor, medium,andminoreigenvectors.Hyperstream-
linesarethengeneratedby integratingalongoneof theseeigenvec-
tor fields,andletting thetwo othereigenvectorfieldsto modify the
shapeof an ellipsethat is sweptalongthe principal hyperstream-
line. For non-symmetrictensorfields,wherethe3 eigenvectorsare
not necessarilyorthogonalto eachother, thetensorfield is first de-
composedinto asymmetricandanaxialcomponent.Ribbonsalong
thehyperstreamlinearethenaddedto show therotationaleffectsof
theaxial component.Becauseoneof theeigenvectorfieldsis used
for integratingthehyperstreamline,therearetwo otherpossiblehy-
perstreamlinesthatcanbegeneratedfrom eachseedlocation. The
understandingof thetensorfield is thereforenot completewithout
thesetwo. Thedrawbackof thisapproachthenis thatusershave to
integratethe3 differentviews.

An alternative approachis to usedeformation. Simpleobjects
suchaspolygons[12] or cubes[10] areadvectedby a flow field.
Thedeformationson theobjectsshow the local stretch,shear, and
rigid bodyrotationat a point. This is generalizedin [1] to include
idealizedobjectssuchaslines,planes,sub-volumes.It allowsusers
to interactively modify an interrogationvectorto seehow the ten-
sorfield would deformtheobject. While theusercannow seethe
continuityover thefield, themaindrawbackof thisapproachis that
userscanonly seethe informationin onedirectionat a time. Our



goal thenin this paperis to maintainthe spatialcontinuity of the
presentation,� while at thesametime provide a netdeformationef-
fect.

3 TENSOR DECOMPOSITION

A generalstrategy with tensorfield visualizationis to decompose
the field into meaningfulcomponents.Visualizationis then per-
formedbasedonthecomponents.Wereview somebasicdefinitions
andtwo of thecommondecompositionmethods.

A tensorfield is a field thatcontainsa tensorat eachpoint. We
assumethatthedataresidesin astructuredgridandalsoassumethat
it is basicallycontinuous.In a generaltensor, eachcomponentof
thetensoris auniquequantityandit canberepresentedasfollows:
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Velocity Gradient
In many applications,thetensorfield is generatedfrom thegra-

dient of a vectorfield � or the second-ordergradientof a scalar
field � . In the latter case,the tensorvalue is symmetric[6]. The
tensorfieldsarerepresentedin thefollowing way:
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In thevelocity gradienttensor, the local velocity canbeexpressed
as:
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Givena tensor
�

anda resolutevector 7 [1], 7 will betrans-
formedinto anothervector 8 :

8 �9� * 7 (6)

Soa tensorcanbeconsideredasa linear transformationfrom a
vectorto anothervector.

Rate of Strain
In fluid flow analysis,the rate of strain tensoris an important

feature. It includesinformation for the local deformationof the
fluid elementsat any instant. For a small volume of fluid in the
field, the rate of strain tensoris definedas its rate of changeof
shape.We cancomputethis rateof straintensorasfollows [11]:
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Obviously, therateof straintensoris symmetric.And if thefluid
is incompressible,this tensorfield hasthefollowing property[11]:
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where
:

is therateof straintensors,andthefunctiontr() is thesum
of all diagonalcomponents.

Symmetric and Anti-Symmetric Decomposition
A commondecompositionmethodis to divide the tensorinto a

symmetricF andananti-symmetricG component[6].
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is thetransposeof

�
. Thesymmetrictensorrepresentsthestress

andstraineffectsandhas6 independentcomponents,while theanti-
symmetrictensorhas3 independentcomponentsandrepresentslo-
cal rigid bodyrotation.

Polar Decomposition
In this technique,a generaltensoris decomposedinto a sym-

metricandanorthonormalrotationcomponent[6]. Thesymmetric
tensors8 and � representthecompressive effectof thetensor;the
orthonormaloneshows theamountof rotationin the tensortrans-
formation.

A symmetric tensorhas three orthogonaleigenvectors. This
meansthat as a transformationrule, a symmetric tensor only
changesthe eigenvalueson the axes in its local orthogonalcoor-
dinate. The directioninformationis not lost after the transforma-
tion on thesethreeaxes. In contrast,a rotationtensorhasonly one
eigenvectorandthe lengthof the vectorsarenever changedin all
directionsafterthetransformation.

WecanobtainR, U andV asfollows [6]:
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4 APPROACH

We presenttwo techniqueswhosefocusis on providing a continu-
ousandcompleterepresentationof the tensorfield over the entire
dataspace.Volumedeformationis usedto visualizethetensorfield
by letting it deform the spacethat containsit. The deformation
is carriedout accordingto a set of transformationrules that rep-
resentsomepropertiesof thetensorfield. Theresultingshapeand



structureof thedeformedspace,includingsubtledetails,revealsthe
natureT of thetensorfield.

Themaindifferencebetweenthetwo methodspresentedhereis
thedefinitionof thetransformationrules.Both of themcapturethe
main featuresof the tensorfield. In both cases,we assumethat
the tensorfield is sufficiently smoothso that thereareno sudden
changesin neighboringtensors,andtensorsvary linearly between
neighboringtensors.We alsoassumethatthetensordataresidesin
astructuredgrid suchasa rectilinearor curvilineargrid.

4.1 Normal Vector Deformation
BoringandPang[1] describedamethodwhereanidealobject,such
asa plane,is placedin thetensorfield anddeformed.Theresolute
vectorto generatethedeformingforcesis specifiedby theuseras
aninterrogationvector. Thisvectoris homogeneousthroughoutthe
tensorfield, andhenceonly tensorinformationin onedirectionis
includedin the visualization. In addition,only a small numberof
planescan be includedin one picture to avoid visual clutter. So
theuserneededto interactively move thelocationof theplane,and
changethe interrogation vector to seethe propertiesof different
partsin thetensorfield.

We improve uponthis methodin two ways.First, theinterroga-
tion maybedifferentin differentpartsof thetensorfield, andmay
changeover time as the spaceis deformed. Secondly, the entire
volumeis deformed,andcanbe viewed usingwireframe,layered
planes,or volumerendered.

We proceedby usingthesamenotion that a tensorfield canbe
consideredasa specialforce field with differentpropertiesin all
directions.We canexplore its featuresby looking at its impacton
thespacethat containsit. In this method,we multiply the tensors
andthe normalvectorsof the object to get the deformingforces.
The object is thentwistedor stretchedby theseforces. While we
usethenormalvectorsin this paper, they canbereplacedby a user
specifiedvector.

To obtainthenormalvectors,wetraversethroughthetensorvol-
umealongoneof the 3 axesin computationalspace.That is, we
areprocessingthe volumeonelayer or sheetat a time. The nor-
mal vectorsare then, initially, the normalsto the currentlayer in
physical space.As the layer is deformed,the normalswill be up-
datedaccordingto thenew surfaceorientation.Therefore,generally
speaking,thenormalvectorsaredifferenteverywherein thetensor
field andrepresentthetensorinformationin all directions.

With only this adaptation,the simulation is unstable,because
the tensorscouldbeheterogeneousin a smallarea.This produces
artifactson the deformedobjectbecausechangingnormalvectors
mayfluctuatewildly. To solve thisproblemandto geta reasonable
distribution of normal vectors,we usea physics-basedmodel to
constrainthe movementof the object. Eachlayer is treatedas a
rubbersheet,which is simulatedby a latticeof springsconnecting
thenodes.Usingthis approach,thedeformationproceedsuntil the
springsystemreachesequilibrium.An addedbenefitis thatwecan
varythespringconstantsto exaggerateor de-emphasizetheamount
of deformationwhile keepingthedeformationsproportionalto the
tensors.In Figure1, we see3 framesof a volumeundera single
point loadundergoingdeformationafterdifferentiterations.

Anotherchangein this methodis that we canadda numberof
thedeformedslicesin thevisualizationto displaythepropertiesof
differentpartsof thetensorfield. If we simply put thesedeformed
planestogether, therewill betoomuchvisualclutteranduserscan-
not seeanything throughit. So, we add very weak spring links
betweeneachlayer. Thesespringsmake thedeformationrelatively
regularthroughthelayers,sothevisualizationis muchcleanerand
makes more visual sense. And becausewe can put an arbitrary
numberof slicesin thevisualizationwithout causingtoo muchvi-

sualdisorders,wecanexhibit tensorinformationeverywherein the
thetensorvolumein onepicture.

In this deformationtechnique,we define U ; ( = as the normal
vectorof the currentlayer at location

(
. Thenwe definethe de-

forming force VXW ; ( = at thatlocationas:

VXW ; ( = �Y� ; ( = * U ; ( =
VXW ; ( = is thetransformednormalvectorin thetensorfields. We

treatit asanexternalforce,dueto thetensor, actingat thatpoint in
space.Eachpoint in thetensorfield hasa correspondingforceact-
ing on it, andwe deformtheobjectbasedon thecollection. Since
thelayeris representedasaspringlattice,theseexternalforceswill
disruptthebalanceof forcesin thesystem.To restorethis balance,
the systemwill have to displace,compressandstretch,the points
arounduntil the internalandexternal forcesreacha new equilib-
rium state.Thenew deformedlayer representsthestatewherethe
forcesare at a minimum. This is consistentwith our experience
with real objectsandhencethe userscaneasily identify the force
field basedon theresultingdeformations.

We usenumericalintegrationto carry out the deformationpro-
cess.In eachiteration,we calculatea combinedforce V[Z ; ( = asa
functionof theinternalforcesV]\ ; ( = andexternalforcesVXW ; ( = . We
definethe deformedlayer as the function ^ ; ( = , and the internal
forcesV]\ ; ( = is thendefinedasfollows:
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In eachiteration, the combinedforce V]Z ; ( = is applied to the
object to computethe actualdeformation,and to obtain the new
position eXf�g � ; ( = of the deformedlayer. Whenthe valuesin the
combinedforcefieldsarezeroat all points,theobjecthasreached
equilibriumandtheintegrationterminates.Theresultingdeforma-
tion is the equilibrium statewherethe active forcesare minimal
throughout.

V]Z ; ( = � V[W ; ( = %AV]\ ; ( = �9� * Uh%4Va\ ; ( =
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where
�[iojml F � l�n is the integrationtime step.In our experiments,

it mustbe lessthat0.1 to bestable.For betterresults,it shouldbe
chosenatbetween0.005and0.05.Wesetit as0.01for mostof the
simulations.Eachnodein thelattice is connectedto its immediate
neighborrequiring26 springsfor each3D point. The rest length
of a springis the distancebetweenthe initial positionsof the two
nodesstraddlingit. Exceptfor thefour cornerpointsof eachlayer,
all latticenodesarefreeto movearound.

Themaindrawbackof thisalgorithmis thatusershaveto specify
oneof 3 directionsto traversethevolume. It providesa visualiza-
tion of theentiretensorfield domain,but suffersthesamedrawback
ashyperstreamlinesin that userswill needto mentallyintegrate3
differentviews. Ideally, wewanttheinterrogationvectorto begen-
eratedautomatically, bedatadependentandrepresentthemaximal
impactof the tensorat that point. A possiblecandidateis to use
theaverageof the3 eigenvectorsasthe interrogationvector, but it
is not clearhow this averagevectorcanbe updatedin subsequent
iterations.We continueto investigatethis alternative. In themean-
time, we alsohave anothermethod,presentedin the next section,
thataddressestheproblemof having to dependon aninterrogation
vector.



4.2 Anisotropic Deformation
This is anotherdeformationbasedalgorithmthataddressesthelim-
itation in thepreviousalgorithm,andis goodat showing thecom-
pressionandshearingpropertiesof theentiretensorfields.

We considertensorsasa transformingforcesuchthat if onehas
a tensorfield where

�
is thesameat every location,thena spher-

ical ball placedin sucha mediumwould be deformedinto an el-
lipsoid with the appropriateorientationandscaling. Likewise, in
2D, a tensorwill transforma squareinto a parallelogram.Simply
placingtheseparallelogramsin 2D or ellipsoidsin 3D will produce
too muchclutter. Theconceptualideaof theAnisotropic Deforma-
tion algorithmis to assemblethesedeformedshapesandvolumes
in a naturalway. Eachdeformedshape,a deformedhexahedronin
3D, representsthe local tensorinformation. The featurepresented
by this algorithm is the anisotropy andmagnitudeof the tensors,
which areintuitively encodedby the deformation.This algorithm
is a naturalrealizationto theideaof thestraintensors,becausethe
tensordataaresupposedto estimatethelocaldeformation.Wecall
this algorithmAnisotropic Deformation becausetensorvaluesare
differentin eachdirection.

When assemblingthe deformedhexahedralvolumes,we need
to rotateand move them, and even changetheir shapea little so
that adjacentvolumescanbe put together. Whenappliedto each
elementin the tensorvolume, the entirevolume is deformedand
eachsub-volumerepresentsthe local tensorinformation. So both
globallyandlocally consistentdeformationsareobtained.

To carry out this type of deformation,we proceedas follows.
Assumetherearetwo neighboringpoints

( # and
( �

, andavectorp
formedby thedifferencebetweenthese2 points.Then,thedistance
betweenthese2 points after deformationis equal to the product
of the tensorandvector p . Specifically, if we let the deformation
functionbedenotedby ^ ; ( = to indicatethepositionof point

(
after

deformation,thenwewantto find ^ ; ( = suchthat:

b ^ ; ( # = N ^ ; ( � = b � b � ; ( # = * ; ( # N ( � = b (13)

If this equationholdsfor any neighboringpoints
( # and

( �
, thenit

follows that:

' ^'0( ��qr��s
�YQ ; ( # = * � ; ( # = (14)

whereR(x) is a rotationtensorfield. This is becauseif all p satisfy
this condition,then

��_��� * �ut
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shouldbea rotationtensor. Because
a tensorcan be decomposedinto a symmetrictensorand a rota-
tion tensor, asprovided by polar decomposition,the visualization
of ^ ; ( = is equivalentto thatof theoriginal symmetricreal tensor
field

� ; ( = .
However, onecanprove that for a generaltensorfield, thereis

no transformationfunction ^ ; ( = satisfyingthis critical condition.
In otherwords,thereis too muchinformationto becrammedinto
a singledeformedobject. Sowe employ thephysics-basedmodel
again to resolve the conflictsand try to find a deformation̂ ; ( =
thatis closestto thecritical conditiondefinedby Equation14.

In thismethod,partof thetensorinformationwill belost,but the
surviving featureswill be thedominantones,which areimportant
for understandingthedatasets.

Again, we establisha springmodelfor theobject. Eachnodeis
connectedto its neighborsin 3D asin thepreviousmethod.How-
ever, becausethis methoddoesnot requirea resolutevector and
hencedoesnotrequireusto processthevolumein layers,wedonot
needto have weaker springconstantsbetweenlayers. Insteadthe
springconstantsin thismodelarehomogeneous.Thedefault length
of eachspringis theoriginal distancebetweenneighboringnodes.

Therefore,beforedeformation,all springsareat a rest. Whenthe
deformationstarts,the tensorfield “consumes”the springsforces
by changingtheir restlengths.

In order to make the deformationapproachspecifiedby Equa-
tion 13 work, the rest lengthof the springbetween

( # and
( �

is
recalculatedandexpressedasv ; ( #�w ( � = below:
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where
x

is a user-specifiedparameterthat controlsthe amountof
deformationincorporatedin the object. Its valueshouldbe in the
[0, 1] range. In real simulations,it shouldbesetbetween0.1 and
0.9. If it is toosmall,nodeformationcanbedetectedby users.If it
is too large,i.e. 1, thenthelengthof somespringsmaydegenerate
to 0 becauseof somesingulartensors.Physics-basedrulesareused
to simulatethedeformationprocessof theobject. At equilibrium,
the length betweenthe points is an approximatemeasurementto
v ; ( #�w ( � = . Theinternalforcefieldsarecomputedin thefollowing
way:
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where
{

is thespringconstantandthereis no externalforcefield.
So V ; ( = is usedto computethenew positionsof all pointsi.e. the
transformationof the object in eachiteration. This deformation
processstopswhenit comesinto equilibrium,wherethemagnitude
of V ; ( = is below a thresholdeverywhere.

This algorithmshows the compressive andshearingproperties
of the tensordata. Although it is an approximationof the ideal
situation,the importantanddominantfeaturesdo survive andare
presentedin thedeformedobject. An errordetectionfactor

l ; ( # =
is definedto keeptrackof theaccuracy.
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This errordetectionfactoris anaccuracy measurementof thelocal
transformationof thetensorvalueat thatpoint. Its maximumover
theentirespacegivesa lower boundof theaccuracy of thevisual-
ization.Wefind thatfor mostsimulations,thiserrorfactoris below
10%.Thismeansthealgorithmswork quiteeffectively. However, it
is still possiblethatasmooth-lookingdeformationis avisualization
of a not-so-smoothtensorfield smoothedby the springmodel. In
thatcase,theerrorratewill beveryhigh. Thisservesasareminder
for usersthatmany subtledetailsmaybelost. They canthenspec-
ify asmallervolumeto conductthedeformationandto takeacloser
look at thetensorfield.

5 IMPLEMENTATION ISSUES

In the previous section,we proposedtwo algorithmsto visualize
the tensorfields. In the implementation,we needto addresssome
issuesin orderto getagoodresultandahighprocessingspeed.

Numerical Stability
Thework horsemethodfor numericalintegrationis the4thorder

Runge-Kuttamethod.We usea modifiedversionasfollows. Sup-
posee ; ( w � = is thepositionof point

(
at time

�
, V ; ( we ; � =�= is the

force of point
(

. The force function V takesthe position e asa
parameterto computetheforcefield. Theequationis asfollows:
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This meanstheadjustmentof thepositionsis equalto the force
field at thesametimestep.Thentheproblemis adjustedsothatwe
canusefourth-orderRunge-Kuttamethodto dotheintegration.We
needto keepin mind that this is not exactly the original problem.
Theoriginalproblemonly needstherestingstateof thespringmod-
elsandit doesnot requiretheaccurateintermediatestages.Sowe
canchangethe definition of V to speedup the processingaslong
asV hasthesamerestingstates.

Adaptive Time Step
A wisely chosentime stepis importantfor thespringmodelsin

the integrationprocess.If it is too small, the integrationwill take
more iterationsto finish, makingthe programslow. On the other
hand,if it is too big, we may never reacha stablesolutionof the
restingstates. So we employ an adaptive time stepalgorithm in
theintegrationprocessto getareasonabletimestepfor eachround.
Thetime stepis determinedasfollows:

���9� * |>����
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where
�

is a user-specifiedparameterto control the time step. In
our implementation,it is setto 0.1. This algorithmensuresthatno
singlemovementin an iterationcandestroy the connectionstruc-
tureby constrainingthemaximumamountof deformation.

6 RESULTS

Data sets
Wetestouralgorithmsonthreedatasets:singlepoint load,delta

wing, and cylinder with hemisphericalcap datasets. The single
point loaddatais astandardtensordataset.It is simple,well known
andthoroughlystudied,soit canverify thecorrectnessandtheuse-
fulnessof a new algorithm. Both the deltawing andthe cylinder
with hemisphericalcapdatasetsarevectordata.Thevelocity gra-
dientsin deltawing datasetandtherateof straintensorsin cylinder
with hemisphericalcapdatasetareextractedasthetensordatasets.

The delta wing data contains information about “flow past
a simplified geometry representinga delta wing aircraft, at a
moderately high angle of attack” [5] and is available from
www.nas.nasa.gov/Research/Datasets/datasets.html. The
cylinder with hemisphericalcap datacontainsinformation about
flow pastthatcylinderatanangle.

In this section,we demonstratethe two deformationalgorithms
usingthesedatasetsandmakeobservationsaboutthetensorfields.

Single point load
Becausethis dataset is a simple tensordatasetandit is often

usedfor thevalidationtests,weconductexperimentsof bothmeth-
odson it andpresenttheresults.

Figure1 shows theresultsof thenormal vector deformation al-
gorithm. Theimagesin thesequencearetakenat differentintegra-
tion timesto show thedynamicdeformationprocess.Thecolor is
mappedinto the magnitudeof forcesexertedon the objectby the
tensors.Redmeanshigh magnitude,while bluemeanslow magni-
tudes.We seethat thecentralpartof thelayersarepushedout and
while the layerstry to staysmoothto minimize the stressapplied
on it.

Theprimarysweepingaxisin this figureis in thesameasdirec-
tion of thepoint load. It is obviousthatthetensorsin themiddleof

thefield have largervaluesthanthe tensorson thesidesalongthe
point loaddirection.

The maximalerror detectionfactor for this methodin the final
stageis 0.0311. This meansthat the distancebetweenthe trans-
formedpoints is within the ���?� c�c?� rangeof the tensorvalue in
thatdirectionat thepoint.

Figure 2 illustratesthe tensorfield using anisotropicdeforma-
tion. Eachof the imagesis renderedandcoloredin differentways
to displayvariouspropertiesof the tensorfield. We canseethat
all of their centralpartsarepushedout. This meansthat thetensor
valuesarelarge in thesedirections. Figure2(a) is renderedusing
opaquesurfacesandcolorcodedby theremainingtensormagnitude
at eachpoint. We notethat thereis still roomfor someadditional
deformationbecauseof thegreenregions. Figure2(b) is rendered
using transparentvolumesandcolor codedwith the initial tensor
magnitude. It clearly shows the distribution of the deformation.
We usea frontal view in Figure2(c) to show thattheperimeterare
slightly pushedout aspartof thedeformation.Figure2(d) is taken
from thebacksideof thecubewherethepoint loadis actuallyap-
plied. Both thecubestructureandthecolordistributiondisplaythe
spread-outpropertiesof the tensorfield. In this visualization,we
observe that the centraltensorshave larger valuesalongthe main
directionandit is largerthanthoseof theothertwo directionstoo.

Both figuresshow someparticularpropertiesof the point load
dataset. Normal vector deformation shows us the tensorinforma-
tion with emphasisin one primary direction. Anisotropic defor-
mation is goodat exhibiting enlarging, compressing,andshearing
propertiesin all directionsof thetensorfield.

Delta Wing
We apply thenormal vector decomposition on thevelocity gra-

dient tensorfield derived from this datasetanddisplaythe results
in Figure3. Figure3(a) is taken from the front of the deltawing
andcoloredwith tensormagnitude. From the twistedcontourof
thevolume,weseethereis ahighshearregion in thetoppartof the
volume.Figure3(b) is basicallythesamepicturebut renderedwith
opaquesurfaces. The shadinggives usersbettercluesabout the
subtlestructureof thedeformedspacearoundthedeltawing. Fig-
ure3(c)andFigure3(d)arebothcoloredwith tensorforces.Oneis
takenfrom thefront andtheotheris from theback.Fromtheseim-
ages,we seehow the major compressive directionandanisotropy
changesalongtheprofile.

The maximalerror rate is 7.61%. In placeswherewith a high
error rate in the deformation,the anisotropy information is bet-
ter preserved than the magnitude. This meansthat althoughthe
spring is stretchedor compressedandcannotwell representtheir
restlength,thescaleof changeis approximatelythesamein all di-
rections. This propertyis especiallyuseful in applicationswhere
anisotropy is very important.

Cylinder With Hemispherical Cap
We usethe anisotropic deformation on the rateof straintensor

field derived from this datasetand the resultsareshown in Fig-
ure 4. Imagesfrom differentperspectivesanddifferentrendering
techniquesaregroupedtogetherto show thepropertiesof different
partsof thetensorfield.

Figure4(a)is animagefrom thebackof thecylinderwith hemi-
sphericalcap.We canclearlyseethatthetensorvaluesin theinner
layersaremuchlargerthanthoseof theouterlayers.Thespacingof
thelayersatdifferentpointsalongthecylinderalsoconvey informa-
tion aboutthetensorvalues.Figure4(b) is takenfrom theright side
of thetensorfield andis renderedin wire framemode.Thebulgeon
theopenmouthof therenderedvolumeshows a high compressive
andstretchingtensortransformationin that area. That meansthe
major eigenvectors,which is the main stretchingdirection,merge
in thatspot.This canalsobeobservedby thehyperstreamlinesre-
sult presentedby Hesselink[3]. Also from thewireframe,we can



(a) t=100 (b) t=200 (c) t=300

Figure1: Normalvectordeformationon thesinglepoint loaddatacoloredwith tensorforces.

(a) (b)

(c) (d)

Figure2: Anisotropicdeformationon thesinglepoint loaddata.(a) is renderedwith opaquesurfacesandcoloredwith theremainingtensor

magnitude;(b) is renderedwith transparentvolumesandcoloredwith tensorforces;(c) and(d) is renderedwith wireframesandcoloredwith

tensorforces.



(a) (b) (c) (d)

Figure3: Normalvectordeformationon thedeltawing data.(a) is renderedin wireframeandcoloredwith tensormagnitude;(b) is rendered

with opaquesurfacesandcoloredwith tensormagnitude;(c) and(d) is renderedwith opaquesurfacesandcoloredwith tensorforces.

(a) (b)

(c) (d)

Figure4: Anisotropicdeformationon the cylinder with hemisphericalcaprateof straintensors.(a) is renderedwith opaquesurfaces;(b)

is renderedin wireframe;(c) is renderedwith transparentvolumes;(d) is renderedwith opaquesurfaces.All of themarecoloredwith the

magnitudeof tensorforces.



identify the ratio of distancesof one point to its different neigh-
bors,which areimportantindicatorsof theanisotropy of thetensor
valuein a local area.Figure4(c) is taken from the left sideandis
renderedin transparentvolumes.We clearlyseethedistribution of
tensorforce magnitudesin this figure. The red part on the bulge
shows high compressive forcesover thatarea.Figure4(d) is taken
from thebottomof the tensorfield andrenderedwith opaquesur-
faces.In this image,theoutershapeof thetransformedtensorfield
is shown. We canseethat thefront partof theobjectis muchbig-
ger thanits rearpart, which meansthe tensorvaluesarelarger in
thefront. Themaximalerrorrateis 6.35%.

7 CONCLUSIONS

Two new deformationbasedtechniquesareintroducedin thispaper.
Eachof themis animprovementoverexistingmethods.Thenormal
vectordeformationmethodallows the interrogationvectorto vary
over spaceand time, and also allow the entire volume to be de-
formed.It currentlysuffersthesamelimitation ashyperstreamlines
in that the resultingdeformationis differentwhendifferent layer
orientationareusedto sweepthevolume. We carecontinuingour
investigationat datadependentinterrogationvectorto addressthis
limitation. Theanisotropicdeformationdoesnotrequireaninterro-
gationvectornoratensordecomposition.It deformsthevolumeby
adjustinglengthsconnectinga nodeto its neighboringnodessub-
ject to minimizing the resultantdisplacementforce. This force is
obtainedby multiplying thelocal tensorwith thedisplacementvec-
tor. However, we note that a generaltensorcan be decomposed
into asymmetricandarotationalcomponentusingpolardecompo-
sition. And sincetherigid rotationdoesnot affect the lengths,the
procedureis essentiallyonly visualizingthe symmetricportion of
the tensor. In addition,this methoddoesnot provide an exact so-
lution but ratheranapproximation.We arecontinuingto improve
the accuracy of this approach.Aside from thesetwo approaches,
we arealso looking at othermethodsfor visualizingtensorfields
usingthesameideaof letting thetensorfield manifestitself in the
spaceit residesin aswell astheinteractionof matterandenergy go-
ing throughit. Finally, we arecontinuingto obtainfeedbackfrom
userson theeffectivenessandwaysof improving thesetechniques.
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